Abstract. The exponent of the strong product of a digraph of order m and a digraph of order n is shown to be bounded above by m + n − 2, with equality for Zm ⊠Zn. The exponent and diameter of the strong product of a graph and a digraph are also investigated.
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and (V, A 2 ) respectively. The strong product of graphs is used to define the concept of Shannon capacity which plays an important role in the information theory [8] . Definitions and related results on the product of graphs are provided in [2] . In 1979, Lamprey and Barnes [6] showed that exp(D × E) ≤ (n + m) 2 − 4(n + m) + 5 for digraphs D and E on n and m vertices, respectively. They also showed exp(D ⊗ E) = max{exp(D), exp(E)} for primitive digraphs D and E. In 1987, Kwasnik [5] studied the exponent of other types of products such as the disjunction and lexicographic products of graphs. Recently, it has been proved in [3] that if D and E are digraphs on m and n vertices, respectively, and D × E is primitive, then exp(D × E) ≤ mn − 1. In [3] it was also showed that exp(G × D) = exp(G) + diam(D) for a primitive graph G and a strongly connected bipartite digraph D, and they computed the exponent of the Cartesian product of two cycles [4] . In this paper, we show
for strongly connected digraphs D and E on n and m vertices, respectively. Let Z n and Z m be the directed cycles of order n and m respectively. We also prove that
As a consequence, the bound in (1.1) is tight. A graph G is considered as a digraph by treating the edges of G as bidirectional. In particular, a cycle C n of length n is considered as a digraph in the same manner. For a connected graph G and a strongly connected digraph E, we show exp(G ⊠ E) is diam(G ⊠ E) or diam(G ⊠ E)+ 1, and we find the condition under which the latter case holds. As a consequence, we compute exp(C n ⊠ Z m ).
2.
Upper bound on the exponent of strong products of two digraphs.
Proof. We may assume that t ≤ s.
Lemma 2. Let D and E be strongly connected digraphs, u, v ∈ V D and z, w ∈ V E . If there are a cycle C passing through v of length k in D, u 
Theorem 1. Let D and E be strongly connected digraphs on n and m vertices (n, m ≥ 2), respectively. Then D ⊠ E is primitive and
Proof. It suffices to show that for each pair of vertices (u, z),
Let k be the minimum length of the cycles in D passing through v, and C be one such cycle. Let t be the distance from u to C in D. Then k + t ≤ n.
Let l be the minimum length of the cycle in E passing through w and s be the distance from z to w.
Similarly, we can show that if y jq = w k , q ≡ k (mod m). Since y jt = w n−2 , t ≡ n − 2 (mod m). Since t ≤ n + m − 3 and n ≤ m, t = n − 2. Since x is = v r , s ≡ r (mod n). So s ≡ r ≡ m − 2 (mod n). Since
n+m−3 (v r , w n−2 ). Thus, using Theorem 1,
3. Exponents and diameters of strong products of digraphs. For any u, v ∈ V D , the distance dist(u, v) from u to v is the smallest k such that there is a walk from u to v of length k. The diameter diam(D) of the strongly connected digraph D is the maximum of dist(u, v) for all u, v ∈ V D . Proposition 1. If D and E are strongly connected digraphs, then
Proof. If u, v ∈ V D and z, w ∈ V E , then by Lemma 1, we have
Lemma 3. Let G be a connected graph and D be a strongly connected digraph. 
. This is a contradiction. If x = y, by Lemma 3, (x, u) such that u l u for all l such that 1 ≤ l ≤ n = α, and there are x, y ∈ V G such that Note that the strong product of two complete graphs is also a complete graph, whose exponent is 2. 
